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ABSTRACT 

Freudenthal duality, introduced in [T and defined as an anti-involution on the dyonic charge vector in c? = 4 
space-time dimensions for those dualities admitting a quartic invariant, is proved to be a symmetry not only of 
the classical Bekenstein-Hawking entropy but also of the critical points of the black hole potential. 

Furthermore, Freudenthal duality is extended to any generalized special geometry, thus encompassing all 
Af > 2 supergravities, as well as A/" = 2 generic special geometry, not necessarily having a coset space structure. 



1 Introduction 



Freudenthal duality was introduced by Borsten, Dahanayake, Duff and Rubens in [Tj as an anti-involutive 
operator on the representation space of the dyonic charge Q^, defined as0 



gA(2)^C^-^^^M, (1.1) 

where X4 is the invariant polynomial quartic in Q, and C is the 2n x 2n symplectic metric (C"^ = — C, = —I, 
n denoting the number of vector fields of the theory) 
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Note that Q defined by (jl.ip is homogeneous of degree one in Q. 
The basic properties of such an operator are [T] 



(1.2) 



Q = — Q (anti-involution); (1-3) 
2:4(2) = 14(2). (1.4) 



Note that this duality holds for both signs of I4, thus embracing both BPS and non-BPS ("large") BHs. On the 
other hand, the definition is ill-defined when I4 = 0, corresponding to the so-called "small" BHs, whose 
Bekenstein-Hawking ^ entropy S (and thus area of the horizon) vanishes. Also, in the present paper we do 
not consider the issue of charge quantization and the related restrictions for the implementation of Freudenthal 
duality [1] (see also remark 1 in Sec. HJ. 

In mathematical literature, groups with a symplectic representation R admitting a completely symmetric 
rank-4 invariant structure q such that the invariant polynomial I4 can be defined aq 



J 2 



I4 (Q) ^ ^ q(Ql, S2, 23, 24)|Q,.g, = Q3.s,,s , (1.5) 

are sometimes called "groups of type Ej" (see e.g. [5]; in the case of E^, R is the fundamental representation 
56). "Groups of type Ej" are at least all the {/-duality groups of A/" = 2, d = 4 supergravity theories with 
symmetric vector multiplets' scalar manifold, as well as of four-dimensional J\f > 2-extended supergravities (all 
based on symmetric spaces). These include theories (namely, minimally coupled TV = 2 and A/" = 3 [7] 
supergravity) in which the basic invariant polynomial is quadratic: II2I = \/|24|, and thus it should replace X4 
itself in Eqs. ([TTT|) and pTi)) . 

In the J\f — 2 case, the properties (|1.3p - (ll.4l) are a consequence of the symplectic structure of special Kdhler 
geometry endowing vector multiplets' scalar manifold (see 6.17. [8], and Refs. therein), while for Af > 2 theories 
they can be traced back to what one may call generalized special geometry. This corresponds to the sigma 
models which can be consistently coupled to vector fields, as discussed in [5] in general, and then treated in 
[TUl [TT] in the context of extended supergravities. 

The main result of the present paper is the finding that the Freudenthal duality is in fact a property which 
can be defined with a dependence on the scalar fields 0, parametrizing the whole scalar manifold M, in any 
generalized special geometry. Let us recall the definition of the (positive-definite) black hole potential [12] 

V{<I>,Q) = -^Q^M{<P)Q, (1.6) 



where M is the symmetric, real, negative-definite 2n x 2n matrix made of the vector couplings |13l[8lfT2]. which 
depends on the scalar fields (j) and it is symplectic: 

MCM = C. (1.7) 



^For I4 < 0, the definition 1 11. Ill is actually the opposite of definition given in 1 ; however, this is immaterial for all subsequent 
3atment, because (f>H { — Q) = 
^The normalization of q uf 
adopted e.g. in [3], [U and \5\. 



treatment, because ( — Q) = (pH (Q) and 113.1511 holds. 

^The normalization of q used here is the same one adopted in J^, and it thus differs by a factor 2 with respect to the one 
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In the treatment given below, we will show that V and Ai are Freudenthal invarianllf| at the attractor points of 
V (determining the fixed, attractor [T3J[T2] values of the scalar fields): 



y%v=o(^H{Q),Q) = |X4(Q)| = X4(Qj ; (1.8) 
Mh(q) = Mh{Q), (1.9) 



where Mh{Q) = M {4>h (Q))- 

The results ()1.8p and (jl.9p will be generalized to a scalar field dependent framework in Sec. [31 Indeed, 
an interpolating (scalar field dependent) generalization of the Freudenthal duality will be defined in Sec. [3] as 
a symmetry of the effective 1-dimensional action obtained as reduction of the bosonic sector of the action of 
an ungauged J\f ^ 2, (1 = 4 Maxwell-Einstein supergravity by exploiting the space-time symmetries (staticity, 
spherical symmetry) of the asymptotically fiat extremal dyonic black hole background [131 [H] . 

Remarkably, this reasoning can be extended to non-symmetric J\f = 2 special geometries. Within this broad 
class of theories, definition p.ip and Eq. p.Sp enjoy the following generalizatioi|j: 



qA ^ C^^^^; (1.10) 

S{Q) ^ V\gy^,{cj,HiQ),Q). (1.11) 

S is the classical Bekenstein- Hawking black hole entropy 0, which is homogeneous of degree two in the charges: 



2^^-25(Q). (1.12) 



Q defined by (|1.10p is the symplectic gradient of S. Therefore, (jl.lip is the statement that S is invariant when 
replacing Q with the symplectic gradient of S. Note that in general, S can be a rather complicated function of 
Q (often not exactly computable, as well), whereas for groups of type [3], S {Q) = \J\'L^ (Q)|. 
The generalization of Eqs. (jl.4[) and (|1.8|) yields, by means of definition (jl.lOp . the result 

^(Q) = 5(^C||). (1.13) 

This result is general; for instance, it can explicitly be checked to hold in A/" = 2, d = 4 not symmetric nor 
homogeneous few-moduli models, such as the ones considered in [15 . 

These results are consequences of the symplectic structure of (generalized) special geometry, characterized 
by the fundamental identity [11) 

MVa = iCVa, (1.14) 

where Va (0) is the 2n x 1 vector of complex symplectic sections, related to M. through the identitjH (a = 1, n) 

m 

7W + iC = 2(CVa)(v''^c) . (1.15) 
In the M = 2 case, this identity can be rewritten as 

M + iC = 2 (CV) (v^c) + 2g^^ (cVj) (Vf C) , (1.16) 

where Va = (V, V-), and V = eJ^/'^ {X^. -Fa)^ is the 2n x 1 vector of Kahler-covariantly holomorphic sections 
(/C denotes the Kahler potential, = DiY = (9; -I- ^dilC) V, and i = 1, ny = n ~ 1, with ny standing for 
the number of vector multiplets). 



•^Throughout our treatment, the subscript "H" denotes evaluation at the event horizon of the extremal black hole solution under 
consideration. 

*Our definition of S (Q) is as follows; 

S{Q) = V {<Ph (S)) = Vh (S) = -^Ah, 

where in the last step we used the Bekenstein-Hawking entropy-area formula 2 {Ah denotes the area of the unique event horizon 
of the extremal BH). 

*For a specialization to the Af = 8 case, see e.g. I16| . 



2 



The paper is organized as follows. 

In Sec. [2] we consider Freudenthal duality, and we show that, as asserted above, it does not hold only 
for symmetric scalar manifolds (for which a quartic polynomial I4 can be introduced), but rather it can be 
defined for all generalized special geometries, and for all non-degenerate critical points of the effective black 
hole potential V, namely for those critical points, BPS or not, for which the supporting charge orbit is "large", 
i.e. S (Q) 7^ 0. The case already known in literature [Ij is then recovered in Sec. 12.11 

As an example, we consider N —2 BPS attractors, for which the sections ~V bps are given by a complexified 
charge vector, whose real and imaginary parts are related by Freudenthal duality. This can be traced back to the 
existence of an interpolating (scalar field dependent) Freudenthal duality, which is introduced in Sec. O in which 
the results of Sec. [2] are extended to the whole scalar manifold M pertaining to generalized special geometry. 
The effective black hole potential V (despite being non-invariant under the Freudenthal duality treated in Sec. 
[5]) is shown to be invariant under the interpolating Freudenthal duality. It is worth here remarking that the 
evaluation of the interpolating Freudenthal duality at the critical points of V themselves consistently yields 
the Freudenthal duality treated in Sec. [5] (which in turn, for groups of type E^, reduces to the one originally 
introduced in [T]). 

Given two (static, asymptotically flat, spherically symmetric, dyonic) extremal black hole solutions whose 
dyonic charge vectors are related by Freudenthal duality, they are characterized by the same critical points of 
V , and thus they have the same classical Bekenstein-Hawking entropy. This holds despite the fact that their 
(attractor) scalar flows are different, and that V is not invariant under the scalar fleld independent Freudenthal 
duality discussed in Sec. [21 

Sec. Slcontains some remarks, in particular concerning the quantization of dyonic vector Q, the generalization 
of the quartic invariant to non-symmetric special Kahler geometries, the relation to quaternionic Kahler 
geometry and its TV = 2, d — A harmonic superspace formulation. 

2 Freudenthal Duality 

We start by considering the black hole (BH) effective potential [T^ 

V = -]^Q^MQ, (2.1) 

whose criticality conditions read 

{d^V)H - {D^V)h = 0, Vz 4=^ {D,M)h Q = 0, Vz. (2.2) 



It then follows that 

dV_ 

dQ 



H 



where Vh (Q) = V (c^h (Q) , Q), Mh (S) = M (0h (Q)), and the same for {D,M)h- 

As anticipated in the Introduction, the symplectic structure of A/" ^ 2-extended supergravity theories in 
d = A space-time dimensions [5J[TT] allows one to introduce a duality operator Jg, dubbed (after [1|) Freudenthal 
duality, acting on Sp (2n, R) vectors. Its action on the charge vector Q is deflned as 

^q.Q^Qh^'C^^:^ = -<CM{^h{Q))Q- (2.4) 
oQ 

As a consequence of the result (|1.9I) and of the symplectic nature of M. p.3p . the action of g'g on Q is anti- 
involutive: 

^ ^Q„(s):Q^Q(Q)^SH(Qff(Q)) 

= CM (0H (Qh)) cm {^h (Q)) Q^CM {<i>H {Q))CM {^h (Q)) Q 

= -Q. (2.5) 

Note that acts trivially on the symplectic sections Va.H at critical points of V: 

■■ Va,H ^ Va.H- (2.6) 
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We anticipate that the critical points of the effective BH potential V {4>, Q) (defining the attractor configu- 
rations of scalar fields at the BH horizon) are also S'g-invariant, as it will be proved at the end of Sec. [3] An 
illustrative example is provided by the BPS attractor Eqs. in A/" = 2, d — A special geometry, corresponding to 
the local vanishing of all matter charges 

{D,Z)jj = = Vi, (2.7) 

where Z = Q'^CV is the complex Af = 2 central charge. By means of (jl.l6|) . an equivalent algebraic reformu- 
lation of (EJl reads El [HI [HI 



2i{ZV)gp^ = Q + iCMHQ= Q-iQh- (2.8) 
Let's now 5^g-transform this equation. By defining the 1 x {ny + 1) vector 

Za = Q^CVa = {Z, Z,) , (2.9) 

and using the general identity (I1.14p . one can show that 

Sq : ZaM ^ ZaM = QjlCVa = -lZa,H- (2.10) 

By recalling the anti-involutivity property (|2.5p . Vh,bps defined by Eq. (|2.8p then turns out to be invariant 
under 'Sq, consistent with (|2.6I) . Therefore, BPS attractor Eqs. (|2.8p (and consequently their solutions, corre- 
sponding to the non-degenerate BPS critical points of V), are g^g-invariant. By using (j2.10p . this can also be 
checked for the equivalent differential conditions (|2.7p . of course. 

As evident from the treatment given below, the criticality conditions of V (in turn splitting under super- 
symmetry in the three M = 2 classes of BPS, non-BPS Zh = and non-BPS Zh 7^ attractor Eqs.; see e.g. 
[20] ) are generally 3^g-invariant, and this result in general holds when generalizing to (see Sec. [3]), and 
for in all (generalized) special geometries. 

A remarkable consequence of (|2.4p and (|2.5p is that the Bekenstein-Hawking BH entropy S is ^ Q-invariant. 
Indeed, (|2.4p implies that 

QjjCQ = Q— - -Q^MhQ = 2Vh (Q) = 2S (Q) ; (2.11) 



'dQ 



t 



S (Q) ^ ^(^Qh,Q) ^ S (Q) = S (^Qh) = S (Q) . (2.12) 

Note that (|2.1ip is consistent with the fact that S (Q) — V {(f)H (Q) , Q) = Vh (Q) is homogeneous of degree 
two (and thus even) in the charges Q. 

\2.1'2\) is a general result, which holds in any (M ^ 2, d = A) generalized special geometry. Within this broad 
class of theories, any two BH solutions whose dyonic charge vectors are related by have the same critical 
points of V (as it will be proved at the end of Sec. |3]) and the same classical entropy S. This holds despite the 

fact that V {(p, Q) ^ V (^(p, Qh^ (on the other hand, Eqs. ([^H]) and imply that Vh {Q) ^ Vh (^Qh^). It 

is worth here noting that the action of on rank-4 classical charge orbits preserves both the supersymmetry 
properties and the rank[f| of these orbits. 

2.1 The case of Groups of Type 

For those generalized special geometries [TT] related to groups of type Ej |3j, which are endowed with an 
invariant structure q defining the quartic invariant I4 p.Sp . S'g reduces to the non-polynomial Freudenthal 
duality introduced in [T], here denoted by S^g.q (recall definition p.ip and Footnote 1): 




5Q,q : Q ^ Qff.q (Q) = -CXff.qQ = C^^-^ - e^=-^, (2.13) 



where — e\I^ 



41- 



^Consistent with [l], here by rank we mean the rank of any representative Q of the orbit as element of the corresponding 
Freudenthal triple system, as defined in | 21 |. 
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From points a), e), d) and g) of Lemma 11 of [3], various results on all possible evaluations of q on Q and 
Q_H,q follow: 



q(Q'QH,qj = = q (^QQ^^^^qj ; (2.14) 

q(Q^Sl,.,) = iq(Q^), (2.15) 

and 

q (qIJ = q (Q^) ^ i?s.q (l4 (Q^)) ^ l4 (qIJ = l4 (S^) . (2.16) 
(|2.16p consistently expresses the S^g^q-invariance of the [/-invariant polynomial I4 defined by p.5p . 

3 Interpolating (Field-Dependent) Formulation 

As a consequence of the basic identities of generalized special geometry |llj . one can introduce an alternative 
operator 5^^, which is scalar- dependent and it is defined all over the scalar manifold M. The action of J'^ on 
the charge vector Q and on the symplectic sections Va is respectively defined as 

: Q^Q^{^)=<C^^^^^^-CM{cl>)Q- (3.1) 
: Va^Va. (3.2) 

Note that (j3.2p implies that the scalar fields (/), coordinatizing M, are trivially ^J^-invariant. 

As a consequence of the symplectic nature (|1.3p of {(p) , it is immediate to see that the non-trivial action 
of on Q is anti-involutive: 

t^:Q^%{cp) = -Q. (3.3) 

Note that (j2.4l) and (|2.6p are nothing but p.ip and p.2p evaluated at the critical points of V , respectively. 
Furthermore, the general ientity (jl.151) and the trivial action p.2p of on the symplectic sections Va imply 
the matrix M (0) to be J?^-invariant: 

(0) = M id^ {Va (0))) {<!>). (3.4) 

At the critical points of V, Eq. (|3.4p reduces to Eq. (|1.9p . 

As anticipated, a consequence of (I3.ip and (j3.3l) . which can ultimately be traced back to the basic properties 
of generalized special geometry, is that the effective BH potential V {(f), Q) is ^ ^-invariant. Indeed, (j3.1l) implies 
that 

QlCQ = -Q^M{cf)Q^2V{c^,Q)- (3.5) 
t 

l^(0,Q) = i(Q0,Q); (3.6) 

% {cf, Q)^v (<^, Q^) = ig^cQ^ = igJCQ = y (<^, q) . (3.7) 

Note that p.5p is consistent with the fact that V is a polynomial homogeneous of degree two (and thus even) 
in the charges Q. Note that p. 151) and p.7p immediately imply that 

Vh (Q) = Vh {<i>H (Q) , Q) = [^H (Qh) .q)=Vh (Qh (Q)) = \ {Qh (Q) , q) ■ (3.8) 
15*. 7| ) is a general result, which holds in any (J\f ^ 2, d — A) symplectic geometry. 

Let us now prove that the critical points of V {4>, Q) coincide with the critical points of V (j), Qh (Q) = 5q (Q)^ ) 
namely that the critical points cjiH (Q) of V (0, Q) arc ^Jg-invariant. 
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First, we observe that by differentiating the general identity (|1.7p with respect to the scalar fields and 
using (|1.7p again, one obtains 



(3.9) 



which multiplied by —\Q^ on the left and by Q on the right yields, by recalling definitions (11.61) and (13.1^ : 



dV{<i^. Q) ^ l^r dM (0) ^ ^ I ^^ dM (0) ^ 



Therefore, the results (j3.7p and (j3.10p imply 

d<j) d(j) 
whose evaluation at (f>H (Q) yields by definition: 
dVicj), Q) 



(3.10) 





As a final step, let us consider 



2 -^"(S) gj, 



0ff(S) 



20ff(S) = 



dM ((/)) 



(3.11) 



(3.12) 



0ff(Q) 



whose derivative with respect to scalar fields reads, evaluated at 4>h {Qh) = 4'h {Q) reads by definition 



(3.13) 



dV 



(0, Qh) 



4>h{Qh) 



Q 



H- 



(3.14) 



The comparison of (j3.12l) and (j3.14p implies that both (j)H (Q) and (j)H {Qhj are critical points of V . On the 
other hand, in all A/" ^ 2, c? = 4 extended supergravities (vector multiplets') scalar fields can be parametrised 
projectively in terms of symplectic sections Va- Thus, the S'g-invariance of Va.H expressed by (|2.6p implies the 
i?g-invariance of the critical points (pn (Q) of the effective BH potential V {(/), Q): 



dQ {<Ph (Q)) = <Ph (Jq (S)) = <PH (Q) 



(3.15) 



Thus, as anticipated, two ^Q-dual BH solutions (namely, two BH solutions whose dyonic charge vectors are 
related by the scalar field- independent Freudenthal duality Jq) have different off-shell effective BH potentials 
(but with the same critical points) and same entropy S, despite the fact their (attractor) scalar flows are 
generally different. 

As mentioned above, it is immediate to check that all definitions and results concerning consistently 
reduce, along the geometrical locus in M defined by the (non-degenerate) critical points of V, to the analogous 
definitions and results for considered in Sec. [21 Namely: 

^<t>\dv{4,,Q)=oy^o = i?0ff(Q) = i?e> (3.16) 

and thus: 

Qh{Q)^Qmq). (3.17) 



4 Final Remarks 

1. On charge quantization 

The algebraic nature of the N — 2 BPS Attractor Eqs. (12. 8p sheds light on the relevance of Freudenthal 
duality in presence of Dirac-Schwinger-Zwanzinger dyonic charge quantization conditions, namely in the case 
in which Q is integer. Indeed, by requiring (along the lines of the analysis of pD) Qh to be an integer as well. 
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it follows that (within a suitably Kahler gauge-fixing in which 2iZ = 1) V^ps is a complex integer (namely, 
Vbps e Z + iZ). 

2. On the generalization of I4 

The rank-4 completely symmetric invariant structure q (|1.5p characterizing all "groups of type iSy" P] (whose 
suitable real forms are the [/-duality groups of c? = 4 supergravity theories with symmetric scalar manifolds) has 
a generalization to the case of arbitrary Af = 2 non-symmetric vector multiplets' special Kahler scalar manifolds 
M. This is obtained by considering the function l4,^jsf=2,sym'm (given by Eq. (5.36) of |22)1: 

TAM=2,svmm (</>, Q) = (|^|' - Z^^) ' + (ZiVg (Z) - ^ {Z)) - g'^ C^.kCji^Z'z'' z' Z"^ , (4.1) 

where (Z) = CijkZ Z^ Z , with C^fc denoting the C-tensor of special Kahler geometry. Xi^j^=2,symm is an 
homogeneous polynomial in Q; note also that (|4.1I) is independent on the choice of the symplectic frame and 
also manifestly invariant under diffeomorphisms in M. 

As stated in |22j . Ii^j^=2,symm is independent on (f> at least for symmetric M, whereas generally it is in- 
dependent; its fourth derivative with respect to charges defines the following rank-4 completely symmetric 
(Q-independent) tensor 



n^SCD {^) ^ Y ^QQAQQE^QCQ^^ ^ X4,A.=2,„ (<n, Q) = l^ABCD {<t>) O!" OF Oj" . (4.2) 



For symmetric special Kahler manifolds ^abcd ~ (Iabcd defined by (jl.Sp is an invariant structure of the 
charge representation Q of "groups of type i?7" [3J, and thus 14^.^=2, symm = ^4 (Q). 

It is here worth recalling that the general relation between l4,j\f=2.symm {(p, Q) (|4.ip and the square of the 
effective BH potential ((HI) [12 

V' {cl>, Q) = ^M^AB WMcD) {<t>) Q^QJ'QPQ'' - (1^1' + Z^)^ (4.3) 

enjoys the general expression at the various classes of (non-degenerate) critical points of V itself in a generic 
N —2 special Kahler geometry: 

1-i,J\f=2,symm\H — Vh ^ \^\h {^iZ j ^ . (4.4) 

Namely: 

• at BPS critical points, defined by ([27)) . it holds that [22] 

l4,J\f=2,symm\fj = = V^] (4.5) 

• at those non-BPS critical points defined by Zh = 0, it holds that [52] 



2 



H 



l4,Ar=2,symm\H = [ZrZ ] = g'^ (O^Z) OjZ = ; (4.6) 



2 



H 



at the general class of non-BPS critical points with Zh ^ 0, the relation (|4.4I) holds, simplifying to 

l4,J\/=2,symm\u — "16 — —V^ (4.7) 

when (^ZiZ ^ =3 |^|^, as e.g. it holds for symmetric special Kahler spaces. 



3. On the relation to special quaternionic geometry 

As noticed in [22j, lA^j\f=2.symm is remarkably related to the geodesic potential defined in the d = 4 3 
dimensional reduction of the considered M — 2 theory. Under such a reduction, the d — A vector multiplets' 
special Kahler manifold M (dime = f^v) enlarges to a special quaternionic Kahler manifold 9Jt (dime = ny + 1) 
given by c-map [221 [21] of M itself : = c(M). By specifying Eq. (5.36) of J2, in the special coordinates' 
symplectic frame, 24,a^=2. symm ('Z', Q) matches the opposite of the function h defined by Eq. (4.42) of [25] . 
within the analysis of special quaternionic Kahler geometry. 
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This relation can be strengthened by observing that the tensor Habcd defined by (|4.2p is proportional to 
the ri-tensor of quaternionic geometry, related to the Riemann tensor by Eq. (15) of |26) . 

4. On the relation to M = 2, d = 4 harmonic superspace 

For symmetric M, it holds that 

Ti^^=2.syrnm = ^4 (Q) = (Q^) - C+\ (4.8) 

where C~^^ is the quaternionic potential of symmetric quaternionic Kahler non-compact spaces (271 128] . de- 
termined in [221 130] (see also [HI]) with A/" = 2, d = 4 harmonic superspace techniques, in which the d = i 
BH dyonic charge vector Q becomes the SU (2) harmonic coordinate Q^. Note that for the c-map of the 
non-compact CP" special Kahler manifold, given by the special quaternionic Kahler manifold 

c (CP") = SU{2,n+l) 

becomes a perfect square (see Eq. (11.5) of [SO]), consistent with the observation below Eq. (|1.4p . When 
considering special quaternionic Kahler spaces (i.e. the images of special Kahler spaces through c-map) [231 [H], 
the coordinates Q oi DJl come from the d = 3 dualization of the n = ny -I- 1 d = 4 vector fields. Note 
that, consistent with (14. 8p . the i7-tensor of special quaternionic geometry never vanishes [24]. Moreover, all 
symmetric non-compact quaternionic spaces are special quaternionic, with the exception of the quaternionic 
projective spaces [27] 

USp{2,2n) 

™ = USp{2)xUSp{2ny ^^'^^^ 

which are also the unique example of symmetric quaternionic space with vanishing fi-tensor and thus vanishing 
£+4 (see Sec. 8 of [3D])- 
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